The purpose of this note is to prove three well-known theorems concerning reflexive Banach spaces by using exact sequences.
Let F denote either the field of real numbers or the field of complex numbers. Let B be the category whose objects are Banach spaces over the field F and whose morphisms are continuous linear maps T: X-->F. 
where all the rows and columns are exact. In particular, the following sequence (E) is exact.
(E) 0 -> Y**/ Y -> X**/X -> Z**/Z -> 0.
We observe that the Banach space X is reflexive if and only if the Banach space X**/X in (D) (or (E)) is equal to 0. Theorem 1. // X is a reflexive Banach space and Y is a closed subspace of X, then Y is reflexive.
Proof. By the exactness of the sequence (E), we have X is reflexive =>X**/jr = 0=» F**/F=0=» Y is reflexive. On the other hand, for separable type I C*-algebras, we have a simpler criterion as follows: a separable C*-algebra §1 is of type I if and only if every irreducible image contains a nonzero compact operator.
It has been open whether or not this remains true when 31 is not
In the present paper, we shall show that a C*-algebra 21 is GCR if and only if every irreducible image contains a nonzero compact operator, so that by the author's previous theorem [4] , the above problem is affirmative for arbitrary C*-algebra.
2. Theorem. In this section, we shall show the following theorem.
Theorem. A C*-algebra 21 is o/ type I i/ and only i/ every irreducible image contains a nonzero compact operator.
Proof. Suppose that a C*-algebra 21 is of type I, then it is GCR and so every irreducible image contains a nonzero compact operator
Conversely suppose that every irreducible image of 21 contains a nonzero compact operator. It is enough to assume that 21 has the unit I. We shall assume that 21 is not of type I. Then it is not GCR; then there is a separable non type I C*-subalgebra 93 of 21 (cf.
[2], [4]). Take a pure state <j> on 93 such that the image of 93 under the irreducible *-representation { U$, §*} of 93 constructed via <b does not contain any nonzero compact operator, where §« is a Hilbert space.
